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Abstract 



D 

^ . We introduce elliptic coordinates on the dual space to the Lie algebra 

I e(3) and discuss the separability of the Clebsch system in these variables. 

The proposed Darboux coordinates on e*(3) coincide with the usual elliptic 
coordinates on the cotangent bundle of the two-dimensional sphere at the 
\ zero value of the corresponding Casimir function. 

d 

The Lie algebra e(3) = so(3) ©M^ of the Lie group of euclidean motions of M 
is a semidirect sum of an algebra so(3) and an abelian ideal M^. For convenience 
^ _ we shall use the invariant inner product to identify the dual of the Lie algebra, 
^ ' namely e*(3), with the Lie algebra e(3). 

C^ ■ On the dual space e*(3) with coordinates J = (Ji, J2, J3) G so(3) ~ and 

Q . X = {xi,X2,X3) G M'^ the Lie-Poisson bracket is defined by 

o\ : 

' {'^ii '^j} ^ijkJki {^Ji^-^j} ^ijk-^k: {-^ii-^j} 

^ ■ where Eijk is the sign of the permutation (ijk) of (123). The Lie-Poisson bracket 
(H)) is degenerated and has two Casimir functions 

3 3 

A=\x\^ = J24, B= {x,J) = Y^XkJk. (2) 

k=l k=l 

Here (x, J) stands for the standard euclidean scalar product in M?. The generic 
symplectic leaf 

Oab = {x,J ■ A = a\ B = b}, (3) 

is a four-dimensional symplectic manifolds, which is topologically equivalent to 
the cotangent bundle T*S^ of the two-dimensional sphere = {x G M^, = a} 

If 6 = 0, then there exists a symplectic transformation 

n=3 

p : {p,x) ^ J = p Ax, Ji = SijkPj Xk , (4) 

j,k=i 
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which identify T*S^ C r*M^ and Oao- Here p A x means the standard euchdean 
cross product in and vector p is canonically conjugated to x momenta in T*R^, 
{pi,Xj} = 6ij, such that {p,x) = 0. 

If 6 7^ 0, the symplectic structure of manifold Oab differs from the standard 
symplectic structure of T*S^ by a magnetic term proportional to 6 p. 

The aim of this note is to describe this magnetic term with the help of elliptic 
coordinates on the sphere §^ lifted to the Darboux variables on the manifold e*(3) 
by & ^ 0. 

The elliptic coordinates ui, U2 on §^ with parameters cti < 0:2 < as is defined 
as roots of the equation 

^ A - a^- </?(A) 

where ^{\) = Yij=ii^ ~ '^j) | [2]. Like the elliptic coordinates 

in M^, the elliptic coordinates on are also orthogonal and only locally defined. 
They take values in the intervals 

ai < Ui < a2 < U2 < as- (6) 

By using the Lie-Poisson bracket (jT)) we can prove that elliptic coordinates Ui^2 
and variables 

nl = h{u,,2), MA) = ^5:^4^^ (7) 



satisfy to the following relations 



{ui,U2} = 0, {n^,Uj} = dij, |7ri,7r2| = — 



4a ip{ui)Lp{u2) 



These relations may be easy obtained by means of the Poisson brackets between 
the generating functions e(A) and h{fi) 



{e(A),e(/i)} = 0, {e{X),h{fi)} = -a-'e{X)e{f,) 
{h{X),h{^l)} 



X ~ fi 

b xiX2X3{X - ^){ai - a2){a2 - a3)(a3 - ^i) 



4a2 ^(A) ^(/x) 

If 6 = relations ((HI) yield well known fact that variables Ui^2 and 7r2 2 are the 
Darboux coordinates on the manifold T*§ ^ Oao- 

The coordinates Ui and the parameters aj can be subjected to a simultaneous 
linear transformation Ui — > (3ui + 7 and aj —>■ Paj + 7, so it is always possible to 
choose 

tti = 0, a2 = 1, 0:3 = > 1. 
Using relations (jH)) and this choice of parameters aj we can prove the following 
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Proposition 1 If b ^ 0, elliptic coordinates ui^2 (EP one? the corresponding mo- 
menta 



7^1,2 = <,2 - ^/l,2, /l,2 = . . , r > 7-2 7 > 9 

/orm a complete set of the Darhoux variables on the manifold e*(3) 

{mi,M2} = {7ri,7r2} = 0, {■ni.Uj} = Sij , 

which are real variables in their domain of definition Here F{z, k) is incom- 
plete elliptic integral of the first kind, which is identical to the inverse function of 
the elliptic Jacobi function sn{z, k) I'dL 

Proof: The functions /i,2 depend on the coordinates mi,2 and, therefore, we have 
to verify one relation only 

{vri, ^2} = {A. A) - KA. /2} + hiA, A} = {tt?, vr"} - 6 (^|| - = q . 

This relation follows from (jH)) and properties of the incomplete elliptic integral of 
the first kind F{z, k). 

So, equations (0), © and define elliptic variables u and n on e*(3) as 
functions on initial variables x and J. The inverse transformation {u, it) (x, J) 
reads as 



Xi = ail-^ — ^^4t^^ — Ji = a-'^(bxj + (z Ax)i], (10) 
{aj - am){aj - an) \ ' 

where m j ^ n and entries of the vector z are given by 

2xj ( (p{ui){Tii + bfi) v{u2){'K2 + bf2) 



Ui — U2 \ aj — Ui aj — U2 



Like the elliptic coordinates in M" and on §" |2|, the elliptic variables on e*(3) 
may be successfully exploited in the theory of integrable systems. For instance, 
substituting expressions (fTUI) into the quadratic hamiltonian 

H = ^{J^ + J| + Jl) + ^{aixl + a2xl + a^xj), 

associated with the integrable Clebsch system on e*(3), one gets this hamiltonian 
in terms of the elliptic variables 

H = Uur){ir^ + bf^f-^{u2){ir2 + bf2f)+—, , ^^"^ " ■ 

Ml — ii2 V / 2a"^ 2 

Here /i^2 are functions on ui and U2 and, therefore, the hamiltonian H belongs 
to the Stackel family of integrals of motion at 6 = only, i.e. for the Neumann 
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system on the sphere [2]. In spite of the fact that /i 2 are elhptic functions this 
hamiltonian H may be rewritten as rational quasi-Stackel hamiltonian introduced 
in m. 

Thus we have to fully appreciate that elliptic variables Ui^2 and tti 2 cannot 
be the separation variables for the Hamilton- Jacobi equation associated with the 
Clebsch system at 6 7^ 0. The similar result has been obtained in jHJ IHI by using 
velocities 

=F4v9(Mi,2)(7ri,2 + &/l,2) 

Ul,2 = 

Ui - U2 

instead of the momenta tti 2. It will be interesting to compare this result with 
results of the paper [7, about separability of the Clebsch system by using the 
"Kowalevski variables", which in fact coincide with the elliptic coordinates (0). 

On the other hand, we can substitute Darboux variables ui^2 and tti 2 into 
the usual Stackel integrals of motion and get a whole family of integrable systems 
on the manifold e*(3), which are separable in these variables. The main prob- 
lem in this widely known Jacobi method is how to single out integrable systems 
interesting in physics from this huge family. 

The research was partially supported by the RFBR grant 06-01-00140. The 
author want to thank V.G. Marikhin for valuable discussions. 
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